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In this paper first we study Brans-Dicke equations with the cosmological constant to find an exact
solution in the spatially flat Robertson-Walker metric. Then we use Observational Hubble data, the
baryon acoustic oscillation distance ratio data as well as cosmic microwave background data from
Planck to constrain parameters of the obtained Brans-Dicke model. To compare our results and
find out the amount of deviation from general relativity, we also constrain concordance cosmological
model using the same data. In our theoretical model the Brans-Dicke coupling constant is replaced
by a , say new, parameter namely scalar field density Ωφ˝. Therefore, as Ωφ → 0 which is equivalent
to ω →∞ general relativity is recovered. In general, we found no significant deviation from general
relativity. Our estimations show Ωφ = 0.010
+0.021
−0.012 which is equivalent to ω > 1560 at 95% confidence
level. We also obtained constraint the rate of change of gravitational constant, G˙/G, at present time
as 1.150×10−13yr−1 < G˙/G < 1.198×10−13yr−1 (at 1σ error). The total variation of gravitational
constant, since the epoch of recombination, is also constrained as −0.0084 < δG/G < −0.0082 at
68% confidence level.
PACS numbers: 98.80.-k, 04.20.Jb, 04.50.kd
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I. INTRODUCTION
The concordance cosmological model (ΛCDM) of
universe is credited today as the most simplest and suc-
cessful cosmological model that describes the dynamics
of present universe with acceleration but it suffers some
fundamental problems on theoretical ground, which are
reported by numerous cosmologists [1, 2, 3, 4, 5, 6].
The major cosmological constant problems are: fine
tuning and cosmic coincidence which yet to be solve.
Therefore, one may argue that the cosmological constant
problem is the crisis of fundamental physics [7, 8]. It
enforce cosmologist to think about the alternative of
cosmological constant. This is why, in the literature
various dark energy models with dynamical equation of
state (EoS) parameter ω(eff) have been studied (for ex-
ample see [9, 10, 11, 12]), where ω(eff) = −1 represents
the ΛCDM universe [13, 14]. Some other proposals to
avoid these conceptual problems associated with Λ have
been reported from time to time [15, 16, 17, 18, 19].
However, to concur with high precision observational
data, we have to have small deviation from ΛCDM
model or modification to general theory of relativity but
indeed, we still do not have a promising and concrete
fundamental theory to handle this issue [20]. In 1961,
Brans-Dicke [21] had proposed a scalar-tensor theory
in which the average expansion rate is modified due
to alignment of scalar field with geometry while the
geometrization of tensor field remains alone [22]. So,
both the scalar and tensor field have more or less
intrinsic geometrical consequences and finally executes
a more general method of geometrizing gravitation.
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Other word, despite of Einstein’s general theory of
relativity (GR), Brans-Dicke (BD) cosmology is not a
fully geometrical theory of gravity. Brans-Dicke theory
contains an additional parameter, the Brans-Dicke
coupling ω, as compared to GR. It should be noted that
while large ω refers to as important contribution of the
Ricci scalar, small ω indicates the main contribution of
the scalar field. Since Einstein’s GR theory is recovered
in the limit ω → ∞, BD theory could be considered as
a good scale to quantify the accuracy of the predictions
of GR against observational tests (reader is advised
to see the textbooks, [23, 24]). The value of ω could
be estimated from the astronomical and astrophysical
observational data. Using solar system data obtained
from Cassini-Huygens mission, it is estimated ω > 40000
at 2σ confident level (CL) [25, 26, 27]. Nevertheless,
constraining ω using cosmological data obtained from
WMAP and Planck missions gave lower values for this
parameter. Wu and Chen combined cosmic microwave
background (CMB) data from 5 years of WMAP, and
LSS measurements from the Sloan Digital Sky Survey
(SDSS) release 4 [28] and obtained ω > 97.8 at 2σ CL.
By using structure formation constraints, Acquaviva
et al [29] have obtained ω > 120 at 2σ CL. Li et
al [30] have used CMB temperature data from the
Planck satellite, the 9 year polarization data from the
WMAP and some others cosmological observations and
found that ω varies in region −407.0 < ω < 175.87
at 2σ CL. Hrycyna et al [31] used supernovae
type Ia and other cosmological data and found
ω = {−0.8606+0.8281−0.1341, −1.1103+0.1872−0.1.729, −2.3837+0.4588−4.5459}
for linear, oscillatory, and transient approaches to the
de Sitter state respectively. Avilez and Skordis [32] have
reported strong cosmological constraints on coupling pa-
rameter of Brans-Dicke theory as ω > 692 by using CMB
data. We recommend readers to see Refs [33, 34, 35] for
2theoretical bounds on the Brans-Dicke coupling constant.
Generally, in the case of zero space curvature (k = 0)
and zero pressure (p = 0) it is possible to find analytical
solution for BD equations in the absence of the cosmolog-
ical constant Λ [36]. However, since original BD model
does not have accelerating expansion phase, it is conve-
nient to extend this model by adding a Λ-term as an effec-
tive contribution rather than a potential (note that the
precise shape of the scalar field potential is not known
yet [37]). Some interesting BD solutions with a non-
vanishing cosmological constant (henceforth ΛBD) could
be found in Refs [38, 39, 40, 41, 42, 43]. In 1973 Gure-
vich et al [44] obtained an exact analytical solution for
pure BD with negative coupling constant, ω < 0, with no
initial singularity. Since there is no cosmic acceleration
in Gurevich et al solution, Tretyakova et al [45] added a
cosmological constant in order to extended Gurevich et al
solution with negative ω. They show that the scale fac-
tor may not vanish, unlike in the standard ΛCDM case.
In 1984, Singh and Singh [46] had investigated Brans-
Dike cosmological model by choosing Λ = Λ(φ) and this
idea was extended by Azad and Islam [47] in an-isotropic
and homogeneous Bianchi type I spacetime. A higher
dimensional interacting scalar field and Higgs model is
obtained by Qiang et al [48]. Later on, using classical
approach, Smolyakov [49] has investigated Brans-Dike
cosmological model with with effective value of Λ in 5
D. Das and Banerjee [50] have investigated model of ac-
celerating universe with variable deceleration parameter
in BD theory. In 2010, Setare and Jamil [51] have con-
structed the chameleon model of holographic dark energy
in BD theory and compared their results with those ob-
tained via GR for large value of coupling constant ω. In
this connection, Yadav [52] and Ali et al [53] have inves-
tigated some non-isotropic, non-flat and in-homogeneous
models of accelerating universe in BD scalar-tensor the-
ory of gravitation. In this paper we obtain a new exact
analytical solution for ΛBD model and use recent ob-
servational data namely CMB, BAO, and observational
Hubble data (OHD) obtained from cosmic chronomet-
ric (CC) technique to constrain model parameters. It is
worth mentioning that since in BD theory gravitational
coupling G is not a constant parameter, hence it’s varia-
tion means that supernovae can no longer be considered
as standard candles (see Ref [54] for more details). We
use Metropolis-Hastings algorithm to generate Markov
chain Monte Carlo (MCMC) chains and estimate model
parameters. Although the main goal of this paper is to
constrain ω (as we show in the next section, instead of
BD coupling constant we introduce new density parame-
ter i.e Ωφ and constrain this parameter) and G, but, we
also discuses other important quantities such as decelera-
tion and Hubble parameters. The plan of this paper is as
follows: Section II deals with the model and basic equa-
tions. We summary the computational technique used
to fit model parameters to data by a numerical MCMC
analysis in SectionIII. Section IV deals with the results
of our fits to data. Finally, we summarize our findings in
Section V.
II. THEORETICAL MODEL AND BASIC
EQUATIONS
The Einstein’s field equations in Brans-Dicke theory
with cosmological constant are given by
Rij − 1
2
Rgij + Λgij =
8pi
φc2
Tij
− ω
φ2
(
φiφj − 1
2
gijφkφ
k
)
− 1
φ
(φij − gijφ), (1)
and
(2ω + 3)φ =
8piT
c4
+ 2Λφ, (2)
where ω is the Brans-Dicke coupling constant; φ is Brans-
Dicke scalar field and Λ is the cosmological constant.
The FRW space-time is read as
ds2 = c2dt2 − a2(t)(dx2 + dy2 + dz2), (3)
where a(t) is scale factor.
The energy momentum tensor of perfect fluid is given by
Tij = (p+ ρ)uiu
j − pgij . (4)
Here, p and ρ are the isotropic pressure and energy den-
sity of the matter respectively and uiui = 1; where u
i is
the four velocity vector.
The field equations (1) for space-time (3) are read as
2
a¨
a
+
a˙2
a2
+
ωφ˙2
2φ2
+ 2
φ˙a˙
φa
+
φ¨
φ
= − 8pi
φc2
p+ Λc2, (5)
a˙2
a2
+
φa˙
φa
− ωφ˙
2
6φ2
=
8pi
3φc2
ρ+
Λc2
3
, (6)
φ¨
φ
+ 3
φ˙a˙
φa
=
8pi(ρ− 3p)
(2ω + 3)c2φ
+
2Λc2
2ω + 3
. (7)
In this paper we use over dot to show derivatives with
respect to time t.
Equations (5), (6) and (7) lead the following equation
Λc2 = 3
a¨
a
+ 3
a˙2
a2
− ω φ¨
φ
− 3ω φ˙a˙
φa
+
ωφ˙2
φ2
. (8)
Before solving above questions we define the matter and
cosmological constant density parameters as
Ωm =
8piρm
3c2H2φ
, ΩΛ =
Λc2
3H2
, (9)
3where ρm = (ρm)0 a
−3 and {Ωm,ΩΛ} stand for matter
and Λ-term density parameters respectively. We also de-
fine the deceleration parameter (DP) q and the scalar
field deceleration parameter qφ as bellow
q = − a¨
aH2
qφ = − φ¨
φH2
. (10)
Now, dividing equations (6) by H2 and then using equa-
tion (9), we obtain
Ωm +ΩΛ = 1 + ψ − ω
6
ψ2, (11)
where ψ = φ˙
φH
. It should be noted that in BD gravity
theory one can not use the usual relation between
Hubble parameter and density in order to define density
parameters, meaning that for a spatially-flat model the
sum of density parameters don’t quite sum to one.
We assume that the present universe is filled with
pressure-less matter i. e. p = 0. So, putting p = 0
in equations (5), (7) and (8) then dividing by 3H2 and
using equations (9) and (10), we obtain the following re-
lations
ΩΛ =
ω + 3
2ω
Ωm− 2ω + 3
2ω
q+
2ω + 3
6
ψ2− 2ω + 3
2ω
ψ, (12)
1− 3(ω + 1)
2ω
Ωm +
2ω + 3
2ω
q +
4ω + 3
2ω
ψ − ω + 1
2
ψ2 = 0,
(13)
Ωm = q − ω
3
qφ + (ω + 1)ψ − ω
3
ψ2. (14)
Equations (13) and (14) lead to
q − (ω + 1)qφ + (3ω + 2)ψ = 2. (15)
The first integral of equation (15) is read as
(ω + 1)
φ˙
φ
− a˙
a
=
κ
φa3
, (16)
where κ is the constant of integration.
The solution of equation (16) has singularity at a = 0
and φ = 0 which in turn gives κ = 0. Thus equation (16)
could be written as
(ω + 1)
φ˙
φ
− a˙
a
= 0. (17)
Integrating equation (17), finally we obtain
φ =
(
a
a0
) 1
ω+1
. (18)
Dividing equation (17) by H and then integrating, we
obtain
ψ = 1
ω+1 .
Thus, equation (11) leads to
Ωm +ΩΛ = 1 +
5ω + 6
6(ω + 1)2
. (19)
If we define the density of scalar field φ as
Ωφ = − 5ω + 6
6(ω + 1)2
, (20)
then eq (19) is written as
Ωm +ΩΛ +Ωφ = 1. (21)
The scale factor a and φ in connection with redshift z
are read as
a =
a0
1 + z
, φ =
1
(1 + z)
1
1+ω
=
1
(1 + z)2.5(
√
1+0.96Ωφ−1)
,
(22)
where a0 is the present value of scale factor.
Equations (9), (21) and (22) leads to
HBD =
H0
(1− Ωφ) 12
[
Ωm(1 + z)
3+2.5(
√
1+0.96Ωφ−1) +ΩΛ
] 1
2
,
(23)
where H0 is the present value of Hubble’s parameter.
Above equation clearly imposes a lower bound on the
scalar field density as Ωφ ≥ −1.04. It is also interesting
to note that, now, Ωφ → 0 is equivalent to ω → ∞ for
which GR recovers from BD gravity theory. Obviously,
as Ωφ → 0, ΛCDM model recovers from eq (23)
HΛCDM = H0[Ωm(1 + z)
3 +ΩΛ]
1
2 . (24)
We also note that a de-Sitter solution arises whenever
q = −1⇒ H˙ = 0⇒ H = H0 ⇒ a(t) ∝ eH0t. (25)
Since for our ΛBD model we have
qz=0 =
Ωm
(√
24Ωφ + 25− 3
)− 4ΩΛ
4 (ΩΛ +Ωm)
, (26)
it is clear to conclude that this condition can not be
achieved in our ΛBD model (see V for derivation of DP
an transition redshift).
In the next section we use joint combination of three inde-
pendent observational data including OHD, BAO, CMB
to constrain both ΛCDM and ΛBD models with following
parameters space
ΘΛCDM = {H0,Ωm,ΩΛ,Ωbh2, t(Gyr), q0}, (27)
4and
ΘΛBD = {H0,Ωm,ΩΛ,Ωbh2, t(Gyr), q0,Ωφ, G˙/G}.
(28)
Note that ΛCDM model has only two free parameters i.e
{H0,Ωm} while ΛBD model has three free parameters
namely {H0,Ωm,Ωφ}, hence, all other parameters are
derived parameters.
III. DATA AND METHOD
We use Metropolis-Hasting algorithm from the Pymc3
python package to generate MCMC chains for parame-
ter spaces (27) and (28). For each parameter we run 4
parallel chains with 100000 iterations to stabilize the es-
timations. In order to confirm the convergence of the
MCMC chains we perform well known Gelman-Rubin
and Geweke tests. Moreover, we monitor the trace plots
for good mixing and stationarity of the posterior distri-
butions to confirm the convergence of all chains. In our
Bayesian analysis, we assume the following uniform pri-
ors for free parameters:
H0 ∼ U(60−800) Ωm ∼ U(0−0.5) Ωφ ∼ U(−0.5−0.5).
(29)
In bellow we briefly describe the cosmological data we
have been used to constrain parameter spaces (27) and
(28).
Observational Hubble Data: we use 31H(z) data-
points (Table. I) in the redshift range .07 ≤ z ≤ 1.965
taken from Table 2 of Ref [55]. The cosmic chronomet-
ric (CC) technique is used to determined these uncorre-
lated data. There reason why we use this data is behind
the fact that OHD data obtained from CC technique is
model-independent. In fact, the most massive and pas-
sively evolving galaxies based on the “galaxy differential
age”method is used to determine the CC data (see ref[56]
for more details). Since in this compilation all data are
uncorrelated, we consider Cij = diag(σ
2
i ) as covariance
matrix of this class of data. The chisqure for this data is
given by
χ2HOD = (H(z)−H0)TC−1(H(z)−H0), (30)
CMB: It is shown [64] that the existence of dark energy
could affect CMB power spectrum in at least two ways.
First, the change of the angular diameter distance causes
a shift in positions of CMB acoustic peaks from the last
scattering surface to today. Second, the presence of dark
energy results in fluctuation of gravitational potentials
which in turn leads to the late-time integrated Sachs-
Wolfe effect. As the first effect is more important to
constrain dark energy models, we only use CMB distance
measurements in our statistical analysis. In this regard,
we consider following two CMB shift parameters (for flat
space-time).
R =
√
Ωm
∫ z∗
0
dz
E(z)
, (31)
TABLE I: Hubble parameter versus redshift data.
H(z) σH z Reference
69 19.6 0.070 [57]
69 12 0.090 [58]
68.6 26.2 0.120 [57]
83 8 0.170 [58]
75 4 0.179 [59]
75 5 0.199 [59]
72.9 29.6 0.200 [57]
77 14 0.270 [58]
88.8 36.6 0.280 [57]
83 14 0.352 [59]
83 13.5 0.3802 [60]
95 17 0.400 [58]
77 10.2 0.4004 [60]
87.1 11.2 0.4247 [60]
92.8 12.9 0.4497 [60]
89 50 0.47 [61]
80.9 9 0.4783 [60]
97 62 0.480 [62]
104 13 0.593 [59]
92 8 0.680 [59]
105 12 0.781 [59]
125 17 0.875 [59]
90 40 0.880 [62]
117 23 0.900 [58]
154 20 1.037 [59]
168 17 1.300 [58]
160 33.6 1.363 [63]
177 18 1.430 [58]
140 14 1.530 [58]
202 40 1.750 [58]
186.5 50.4 1.965 [63]
and
la =
pir(z∗)
rs(z∗)
, (32)
while the average acoustic structure is determined by the
acoustic scale la, the shift parameter R is associated with
the overall amplitude of CMB acoustic peak. In eq (32)
the comoving distance to the CMB decoupling surface
r(z∗) and the comoving sound horizon at the CMB de-
coupling rs(z∗) are given by
r(z∗) =
∫ z∗
0
dz
H(z)
, rs(z∗) =
1
H0
∫ ∞
z
dz′cs(z′)
E(z′)
, (33)
where E(z)2 = H(z)/H0, and the sound speed squared
cs of baryon fluid coupled with photons (γ) is given by
[65]
cs =
1√
3[1 +Rb/(1 + z)]
, Rb = 31500Ωbh
2
(
2.7255
2.7
)−4
,
(34)
where h is the normalized Hubble constant and z∗ = 1090
is decoupling redshift. We use the CMB distance priors
based and Planck 2015 collaboration [3] to constrain our
models. According to Planck 2015 data, the mean values
of shift and acoustic scale parameters are 〈R〉 = 1.7488
and 〈la〉 = 301.76 with the deviations σ(R) = 0.0074 and
σ(la) = 0.14 respectively. For this data, the inverse of
the covariance matrix is given by
C
−1 =
(
1.412 −0.762
−0.762 1.412
)
. (35)
5Finally, The chisquare associated with the CMB data
could be obtained as
χ2CMB = (la − 301.76)2 × 1.412 + (R− 1.7488)2 × 1.412
+ 2(la − 301.76)(R− 1.7488)× (−0.762). (36)
BAO: The counteracting forces of pressure and grav-
ity result in periodic fluctuations of the density of bary-
onic matter which represent by BAO. We use almost the
same BAO data points were used in the WMAP 9-year
analysis [66]. This includes ten numbers of rs(zd)/DV (z)
extracted from the 6dFGS [67], SDSS-MGS [68], BOSS
[69], BOSS CMASS [70], and WiggleZ [71] surveys. Here
DV (z) which is given by
DV (z) =
[
r2(z)
cz
H(z)
] 1
3
, (37)
is the effective distance measure related to the BAO scale
[72], c is the speed of light, and rs(zd) is the comoving
sound horizon size at the drag epoch. The drag redshift
zd, which is the redshift at which baryons are released
from photons has the following fitting formula [73]
zd =
1291(Ωmh
2)0.251
1 + 0.659(Ωmh2)0.828
[1 + b1(Ωbh
2)b2 ], (38)
where
b1 = 0.313(Ωmh
2)−0.419[1 + 0.607(Ωmh2)0.674], (39)
and
b2 = 0.238(Ωmh
2)0.223. (40)
The chisquare statistics for BAO could be written as
χ2BAO =
1
0.0152
[
rs(zd)
DV (z = 0.106)
− 0.336
]2
+
1
( 25149.69 )
2
[
DV (z = 0.15)
rs(zd)
− 664
148.69
]2
+
1
( 25149.28 )
2
[
DV (z = 0.32)
rs(zd)
− 1264
149.28
]2
+
1
( 16147.78 )
2
[
DV (z = 0.38)
rs(zd)
− 1477
147.78
]2
+
1
0.00712
[
rs(zd)
DV (z = 0.44)
− 0.0916
]2
+
1
( 19147.78 )
2
[
DV (z = 0.51)
rs(zd)
− 1877
147.78
]2
+
1
( 20149.28 )
2
[
DV (z = 0.57)
rs(zd)
− 2056
149.28
]2
+
1
0.00342
[
rs(zd)
DV (z = 0.6)
− 0.0726
]2
+
1
( 22147.78 )
2
[
DV (z = 0.61)
rs(zd)
− 2140
147.78
]2
+
1
0.00322
[
rs(zd)
DV (z = 0.73)
− 0.0592
]2
(41)
Finally, since these three datasets are independent, the
total chisqure could be given by χ2tot = χ
2
OHD +χ
2
CMB +
χ2BAO. Therefore, we evaluated the following total likeli-
hood for statistical analysis.
Ltot ∝ exp
(
−1
2
χ2tot
)
. (42)
IV. RESULTS
We have listed our statistical analysis on parame-
ter spaces (27) & (28) using the joint combination of
OHD+CMB+BAO at 1σ and 2σ error in Table. II. Also,
Figures. 1 & 2 show the contour plots, at 1σ, 2σ, and
3σ confidence levels, for both ΛBD and ΛCDM mod-
els using joint combination of three datasests respec-
tively. First we discuss the ΛBD model, which contain
ω as an additional parameter to ΛCDM model. From
Table. II we observe that Ωφ is restricted in the inter-
val 0.0001 < Ωφ < 0.0127 at 1σ CL with the best fit
Ωφ = 0.0027, which in turn gives the best fit for BD con-
stant parameter as ω = 308.452. Our analysis show that
the BD parameter is constrained to ω > {211, 1560, 8460}
at 68%, 95%, and 99% confidence level respectively. We
have compared our result of ω to those obtained from
other researches in Table. III. From this table we observe
that our estimated bound on ω is much stronger than
those reported by previous works. While our computed
ω is comparable with that obtained by Avilez and Sko-
rdis [32] at 95% CL, but our analysis put much stronger
bound on this parameter at 99 CL. Also at 68% CL our
obtained bound is comparable with what computed by
Li et al[30]. Figures. 3 shows the 1σ-3σ contour plot of
(ω,H0) pair.
6TABLE II: Results from the fits of the flat ΛCDM and ΛBD
models to the data at 2σ & 2σ confidence levels.
Parameter %68 %95 Best Fit
ΛCDM
Fit H0 68.68 ± 0.62 68.7
+1.2
−1.2 67.90
Ωm 0.3290 ± 0.0089 0.329
+0.018
−0.017 0.344
Derived
ΩΛ 0.6710 ± 0.0089 0.671
+0.017
−0.018 0.655
Ωbh
2 0.02322 ± 0.00042 0.02322+0.00086−0.00079 0.023
Age(Gyr) 13.56 ± 0.13 13.56+0.27−0.25 13.73
q −0.507 ± 0.013 −0.507+0.027−0.025 −0.482
ΛBD
Fit H0 68.78 ± 0.62 68.8
+1.2
−1.2 69.334
Ωφ 0.0101
+0.0026
−0.010 0.010
+0.021
−0.012 0.0027
Ωm 0.321
+0.012
−0.0096 0.321
+0.023
−0.024 0.318
Derived
ΩΛ 0.6692 ± 0.0089 0.669
+0.017
−0.018 0.678
ω > 211 > 1560 308.452
Ωbh
2 0.02315 ± 0.00042 0.02315+0.00084−0.00081 0.0227
Age(Gyr) 13.38 ± 0.12 13.38+0.24−0.23 13.246
G˙
G
(10−12yr−1) 0.1147 ± 0.0024 0.1147+0.0046−0.0046 0.117
q −0.585 ± 0.016 −0.585+0.032−0.032 −0.595
−0.60 −0.54
q
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FIG. 1: One-dimensional marginalized distribution, and
three-dimensional contours with 68% CL, 95% CL, and 99% CL
for parameter space ΘΛDB using CC+ABO+CMB data. The
vertical dashed red line stands for Ωφ = 0.
TABLE III: Constraints on the BD coupling constant from
different researches.
BD parameter Method
ω > {80(3σ), 120(2σ)} CMB+WMAP+LSS [29]
ω > 97.8(2σ) WMAP5+SDSSLRG [74]
ω > {337.34(1σ), 181.65(2σ)} WMAP9pol+BAO [30]
ω > {1834(2σ), 890(3σ)} PLANCKTEMP+WMAP9pol [32]
ω > {211(1σ), 1560(2σ), 8460(3σ)} CC+CMB+BAO This paper
We know that in the context of BD theory, the gravi-
tational constant G is also underwent evolution from re-
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FIG. 2: One-dimensional marginalized distribution, and
two-dimensional contours with 68% CL, 95%, and 99% CL for
flat ΛCDM and ΛBD models fitted over CC+ABO+CMB data.
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FIG. 3: Constraints in the (ω,H0) plane with 1σ-3σ confident
level in the flat ΛBD model fitted over CC+ABO+CMB data.
combination era to the current time [73]. Therefor, one
can estimate the variation in G throughout variations of
Ωφ or ω as these two parameters are correlated. For this
purpose, we inter two new derived parameters namely
G˙/G ≡ −φ˙/φ and δG/G ≡ (Grec − G0)/G0 which is
the integrated change of gravitational constant since the
epoch of recombination in our MCMC code. Figures. 4
& 5 depict 2-dimensional contours of marginalized likeli-
hood distributions of H0 versus G˙/G and δG/G respec-
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FIG. 4: Constraints in the (G˙/G,H0) plane with 1σ-3σ confident
level.
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FIG. 5: Constraints in the (δG/G,H0) plane with 1σ-3σ
confident level.
tively. The 68% marginalized limits on these two param-
eters are as bellow.
1.150× 10−13 < G˙/G < 1.198× 10−13,
− 0.0084 < δG/G < −0.0082, (43)
with the best-fit values
G˙/G = 1.17× 10−13, δG/G = −0.00825. (44)
We have summarized constraints on G˙/G obtained from
different methods in Table. IV which is an update of Ta-
ble I of Ref [30]. From this table we observe that our
constrain is much tighter with respect to other listed
previous constraints. From Table. II we see that the
TABLE IV: Constraints on the BD coupling constant from
different researches.
G˙/G(10−13yr−1) Method
2± 7 Lunar laser ranging [75]
0± 4 Big bang nucleosynthesis [76, 77]
0± 16 Helioseismology [78]
−6± 20 Neutron star mass [79]
20± 40 Viking lander ranging [80]
40± 50 Binary pulsar [81]
−96 ∼ 81(2σ) CMB(WMAP3) [82]
−17.5 ∼ 10.5(2σ) WMAP5+SDSSLRG [74]
−1.42+2.48+4.38−2.27−4.74(1σ2σ) Planck+WP+BAO [30]
1.174+0.0024+0.0046−0.0024−0.0046 (1σ2σ) CC+CMB+BAO This paper
estimated Hubble constant H0 for both ΛCDM and
ΛBD models are in excellent agreement with those of
Chen & Ratra (68 ± 2.8) [83], Aubourg et al (BAO:
67.3 ± 1.1) [84], Chen et al (68.4+2.9−3.3) [85], Aghanim
et al (Planck 2018: 67.66 ± 0.42) [4], and 9-years
WMAP mission (68.92+0.94−0.95) [86]. Figure. 6 depicts the
robustness of our fits for H(z). When we fit both
(ΘΛCDM ,ΘΛBD) to CC+CMB+BAO data we obtain
(Ωm = 0.329± 0.0089,ΩΛ = 0.671± 0.0089) and (Ωm =
0.321+0.012−0.0096,ΩΛ = 0.669 ± 0.0089) for these models re-
spectively. Obviously, these results are in excellent agree-
ment with those obtained by Planck 2018 collaboration[4]
(Ωm = 0.3103 ± 0.0057,ΩΛ = 0.6897 ± 0.0057). The
FIG. 6: The plot of Hubble rate versus the redshift z. The points
with bars indicate the experimental data summarized in Table. I
computed values of deceleration parameter for ΛCDM &
ΛBD models are qΛCDM = −0.507+0.013+0.027+0.07−0.013−0.025−0.032 and
qΛBD = −0.585+0.016+0.032+0.042−0.016−0.032−0.044 at 1σ− 2σ respectively.
Our estimated values of DP for both models are in good
agreement with those reported in Refs [87], [88], [89], and
[90]. The dependence of deceleration parameter q(z) has
been plotted in Figures. 7 as a function of redshift z. Our
8FIG. 7: The plot of deceleration parameter versus the redshift z
for Both ΛCDM & ΛBD models. Filled circles show the best fit
values of DP at transition red-shift zt.
computations show that both ΛBD & ΛCDM models in-
ters the accelerating expansion phase almost at the same
time (also see fig. 7). We also estimated transition red-
shift zt for both models as a derived parameter in our
MCMC code. We found zt = 0.602
+0.021+0.041+0.054
−0.021−0.041−0.055 for
ΛBD and zt = 0.599
+0.021+0.041+0.055
−0.021−0.041−0.054 for ΛCDM mod-
els at 1σ − 3σ CL. Figure. 8 shows the 1σ − 3σ contour
plot of (H0 − zt) pair. It has recently been shown [91]
that the transition redshift should be restricted in a spe-
cific interval as 0.33 < zt < 1. For Both models, the
computed zt is in good agreement with those obtained in
Refs[92, 93, 94]
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FIG. 8: H0 − zt plane with 1σ − 3σ confident level. Solid
contours stand for ΛBD model
V. CONCLUDING REMARKS
In this paper first we tried to obtain a new exact so-
lution for Brans-Dicke equations with the cosmological
constant in the spatially flat Robertson-Walker metric.
We defined new density parameter for scalar field i.e Ωφ
which recovers GR theory when tends to zero (this is ,of
course, equivalent to the case when ω →∞). The latest
observational data namely OHD (CC data), CMB, and
BAO have been used to constrain parameter spaces 28
(Brans-Dicke theory) & 27 (General relativity theory).
To this aim, We have used Metropolis-Hasting algorithm
to perform MCMC analysis. The marginalized bounds
on BD coupling constant are obtained as ω > (211, 1560)
at 68% and 95% confident levels respectively. Our esti-
mations put tighten constrain on the Brans-Dicke model
compared with previous works. Moreover, we defined two
additional derived parameters in MCMC code namely
the rate of change of the gravitational constant G˙/G
and the integrated change of this parameter δG/G since
the epoch of recombination to explore whether G is a
constant˝or not. The marginalized 1σ limits are given
by equation 43. These bounds are in excellent agreement
with the precision of Solar System experiments. Gener-
ally, our computations do not show any significant devia-
tion from general theory of relativity. When we compare
the distribution of other cosmological parameters of 28
& 27 spaces, we find out that the introduction of Brans-
Dicke gravity does not affect the best-fit values and esti-
mated errors.
APPENDIX A
It is well known that at a specific redshift called tran-
sition, zt the expansion phase of universe changes from
decelerating to accelerating. To obtain this special red-
shift, first we derive deceleration parameter which is de-
fined as
q(z) = − 1
H2
(
a¨
a
)
=
(1 + z)
H(z)
dH(z)
dz
− 1. (A1)
Using 23 in above equation, and after some algebra we
obtain
q(z) =
Ωm(
√
24Ωφ + 25− 3)(1 + z) 12 (
√
24Ωφ+25+1)
4
[
ΩΛ +Ωm(1 + z)
1
2
(
√
24Ωφ+25+1)
] .
(A2)
In the other hand, transition redshift could be defined by
the condition q(zt) = a¨(zt) = 0. Applying this condition
in above equation and after some algebra finally we get
transition redshift as follows.
zt =
[
4ΩΛ
Ωm(
√
24Ωφ + 25− 3)
] 2√
24Ωφ+25+1
− 1. (A3)
It is straightforward to show that in flat-ΛCDM model
the transition redshif is given by
zt =
(
2ΩΛ
Ωm
) 1
3
− 1. (A4)
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